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SOLUTIONS CONTAINING A LARGE PARAMETER
OF A QUASI-LINEAR HYPERBOLIC SYSTEM OF EQUATIONS
AND THEIR NONLINEAR GEOMETRIC OPTICS APPROXIMATION

ATSUSHI YOSHIKAWA

ABSTRACT. It is well known that a quasi-linear first order strictly hyperbolic
system of partial differential equations admits a formal approximate solution
with the initial data A~!ag(Ax 5, x)r;(n), >0, x,n€R*, n#0. Here
ri(n) is a characteristic vector, and ag(o, x) is a smooth scalar function of
compact support. Under the additional requirements that n = 2 or 3 and that
ag(o, x) have the vanishing mean with respect to ¢ , it is shown that a genuine
solution exists in a time interval independent of A, and that the formal solution
is asymptotic to the genuine solution as 4 — oo .

0. INTRODUCTION
Consider the following quasi-linear system of partial differential equations of
first order:
(0.1) A (u)2u+2”:A~(u)iu+B(u)u—O
‘ "ot T & oy, v

xeR", t>0. Here u = u(x, t) is an m-vector-valued unknown function,
which is required to satisfy the initial condition

(0.2) u(x,0)=g(x), xeR",

g(x) being a given m-vector-valued function. In passing, we remind the reader
that all the vectors, matrices or functions in the present paper are real valued
unless the contrary is explicitly mentioned.

We suppose the system (0.1) is positive symmetric and strictly hyperbolic.
More precisely, all its coefficient matrices Ag(u), ..., An(u), B(u) are sup-
posed to be symmetric except B(u) while Aop(u) to be positive definite. All
their entries are supposed to be smooth in # € R™ . Furthermore, as the system
being strictly hyperbolic, the characteristic equation

(0.3) det —er(u)+zn:éjA,~(u) =0

J=1
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is assumed to have m distinct real roots © = py(u, &), ..., T = pu(u, &)
for each u € R™, & = (§,...,&,) € R"\0. We require that p;(u,¢), ...,
DPm(u, &) be smooth in u and ¢ in a neighborhood of u =0 and ¢ = 5, where
n is a given nonzero element of R”. We also stipulate that at least one, say the
first, characteristic field is genuinely nonlinear, or the scalar product

(0.4) Vupr(u, &) -n(u, &) #0

in a neighborhood of u = 0 and & = n. Here ri(u, &) is an eigenvector
corresponding to the eigenvalue p;(u, &):

pl(u’ é)AO(u)rl(ua é) = ZéjAj(u)rl(ua 5)'

J=1

The detailed requirements on the system (0.1) will be given in §1.

Let n > 2. Suppose g = g(x) is regular enough that g belongs to the
Sobolev space over R” of order s > n/2+ 1. Then it is well known that the
initial value problem (0.1), (0.2) admits a unique “regular” solution u(x, t),
which is valid in a certain time interval 0 < ¢ < T, . Here T, depends on the
size of the Sobolev norm || g||s . Generally speaking, T, > O(1/] gl|s) (see Kato
[5, 6], Majda [9], Klainerman [7]).

Now let us take as the initial data an m-vector-valued function which depends
on a parameter A > Ao > 0. Let

(0.5) g(x) = g(x, ) =2A""ag(Ax - 1, X)r; (0, n).
Here n € R*, n #0, and x -7 is the inner product of R*: x - n = Y] x;n;,
X=(X1y..., Xn), #=(M,...,Mn). ap(g,x) is a smooth scalar function of

(6,x) €e Rx R". r(0, n) is the eigenvector mentioned in the above. Recall
that an initial data of the form exp{Av/—1x - n}ug(x) is the basic ingredient of
the geometric optics approach to linear hyperbolic partial differential equations.
Recall also that, in our nonlinear situation, if ag(o, x) is “nice”, for instance,
is compactly supported, then a formal asymptotic solution, say U(x, ¢, 1), of
the initial value problem (0.1), (0.2), (0.5) can readily be constructed, so that
it is smooth in a time interval independent of A > 4y (see Choquet-Bruhat [1],
Hunter and Keller [3], Hunter, Majda, and Rosales [4], Majda [10], and also
our discussions in §2).

On the other hand, even if ag(o, x) is compactly supported, it can easily be
seen that the Sobolev norms of g(x, A) behave as

Ig(-, Alls < CA*!

for 4 > Ay and s > 0. Therefore, existence of the solution u(x,t,A) of
the initial value problem may only be assessed for time intervals depending
on A, which moreover shrink to zero as A grows to infinity. It would thus be
interesting to know under what condition u(x, ¢, 4) is valid in a time interval
independent of A so that u(x,t,4) ~ U(x, t,A) asymptotically as 4 — oo
then.

The purpose of the present paper is to show in low dimensions, i.e., n = 2 or
3, this is in fact the case provided ag(o, x) is compactly supported and smooth
enough, that is,

(0.6) ag(o, x) € C'(Rx R"), N very large,
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and moreover has the vanishing mean with respect to o :

(0.7) / ap(o, x)da =0.
R

Then for some A; > 0 and for some 77 > 0 independentof A > 4, u(x, ¢, 4)
and U(x,t,A) are shown to be valid for 0 < ¢t < T} so that u(x,?,4) =
U(x,t,A)+0(A™3) as A — oo. Actually, u(x, ¢, ) and all of its first partial
derivatives with respect to x and ¢ are shown to be uniformly bounded for
x e€R*, 0<t<T, A>A;. It follows then that the solution u(x, ¢, 4)
is unique in spite of the estimates |u(-, ¢, A)|ls < CA*~!, 0 < s < 3, and
llus(-, ¢, A)|ls < CiA5, 0 < s < 2. The precise statements of our results are
given in §1 (see Theorems 1.4 and 1.5). Uniform existence of the solution
u(x, t, A) will be proved in §3.

Remark. Requirements of the form (0.6), (0.7) are closely related to a certain
class of functions which generate “wavelets” (see Daubechies [2]).

Further extensions or generalizations of the present results will be discussed
elsewhere.

1. ASSUMPTIONS AND STATEMENT OF THE RESULTS

Let us begin by making technically precise the assumptions on the system
(0.1). Let w € R™. Denote by L(w) the operator

(1.1) L(w)v =A0(w)%v+ZAj(w)5%v+B(w)v
j=1 J

acting on m-vector-valued functions v = v(x,t). Since only small u is
relevant in the system (0.1), we assume that each of the coefficient matrices
Ao(w), Ay(w), ..., An(w), B(w) of the operator L(w) is decomposed into a
sum of an m x m constant matrix and an m x m matrix with entries consisting
of functions of w belonging to %(R™). Thus, for example,

Ao(w) = A§ + Ad(w),

where Af is the constant part and Ag (w) the rapidly decreasing part. Note that
such a decomposition is unique. Furthermore, it is easily seen that the matrices
admitting this kind of decomposition, to be called decomposable, form a matrix
subalgebra, and if a decomposable matrix is invertible, then its inverse is also
decomposable.

Returning to the coefficients of L(w), we assume Agp(w), 4j(w), ..., Ap(w)
are symmetric and Ao(w) positive definite as we have mentioned in §0. Then
the inverse Ao(w)~! is also positive definite and decomposable. In particular,
there are positive constants y and I' independent of w such that

(1.2) Yyey<y-Ao(w)y <Iy-y
for ye R", w € R™.
Next recall the characteristic equation (0.3). Let n = (1, ..., 1.) € R?,

n # 0. We assume that the characteristic equation

j=1

(1.3) det (—TAo('lU) + znzﬁin(w)) =0
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has m distinct real roots 7 = py(w, &), ..., pm(w, &) which are smooth func-
tions of w € R™ and £ e R", & # 0, in a neighborhood of w =0 and & =17.
Thus, py(w, &), ..., pm(w, &) are real distinct eigenvalues of the matrix

(1.4) Mw, &) =3 &d;w),  A;(w) = Ao(w) ' 4;(w).
j=1

Let ri(w, &), ..., rm(w, &) be right eigenvectors of M(w, &) corresponding
to pi(w, &), ..., pm(w, &), respectively. Thus,

(1.5) pe(w, One(w, §) = M(w, §)re(w, §),

k =1,...,m. Similarly, we have left eigenvectors rf(w, &), ..., ri(w, &)
so that

(1.6) pre(w, Qri(w, &) =rg(w, ) M(w, ),
k=1,..., m, and moreover in such a way that

. 1, k=1,
(1.7 . o={ D)

k,l = 1,...,m, hold. Then we may suppose r (w,¢),..., rm(w, &),
riw,&),...,m(w,&) are smooth in w, ¢ near w =0 and ¢ =17.

Remark. In the following, we will omit reference to w when w=0 in pi(w, &),
re(w, ¢), or ry(w, ¢). Thus we will simply write pi (&), rx(£), r;(¢) instead of
pk(0,¢), (0, &), rg(0,¢&). However, we retain w = 0 in their Frechet
(-Gateaux) derivatives with respect to w, for instance, Vupi(0,¢&)-v =
(d/de)pi(ev, &)le=o -

Lemma 1.1. We have
(1.8) ri(w, &) - Aj(wn(w, &) = p(w, &),

rr(w, &) - Aj(w)n(w, &)
= (pe(w, &) = p(w, ENrf(w, &) - rP(w, &),
k,l=1,....,m, k#1l;, j=1,...,n. Here

pw, &) = a%pk(w,a, D, &) =

(1.9)

aéjrk(w , ).

Furthermore, for v € R™,
(110) rz(w > é) * (VwM(w s é) ° v)rk(w ’ é) = prk('w b é) *v 9

r;(w,é)'(VwM(w,é)'U)rk(w,é)
= (o(w, &) —pi(w, O)rf(w, §) - (Vwn(w, &) - v),
k,I=1,...,m,k#1.

In fact, these are consequences of differentiations of (1.5), (1.6), and (1.7)
combined with (1.4).

(1.11)

Remarks. 1. Compare (1.10) with (0.4).
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2.If S;;eR and S;;=Sj;, i,j=1,..., n, the following identities hold.
They are useful when we consider phase functions of waves which are more
general than planar ones. Namely, we have
(1.12)

re(w, &) Z wird(w, &)S;; — Zpk w, Ore(w, &) -rd(w, &)Sy

i,j=1
=% Z p](cl)j)(w,é)sl]’
i,j=1
(1.13)
ZE j)w {S,j—Zp(')wér,(w 5) (w é)

i,j=1

=§(pk<w,é>—p1<w,«: Z ., &)W, &Sy,

k,l=1,...,m, k #1[. Here
92

aé,aé,”k

Now we introduce the class of functions to which our formal asymptotic
solution of the initial value problem (0.1), (0.2), (0.5) is presumed to belong.
Let p bereal and 7T > 0. We denote by &/7(T) the totality of the smooth
functions f(x,t,4), xeR", 0<t< T, 1> A4y >0,suchthat, when 1> 4,

p,((’ Nw, &) = (w, &), etc.

(1.14) sup|9f a2 f(x, t, A)| < Caktlel=r
x,t
and
(1.15) sup 10K (-, t, M|y < CAK*+s=#
forall k=0,1, 2, ..., multi-indices a = (a1, ..., ay) and s > 0. Here C

represents various constants independent of A > 4y. |a| =a; + -+ a, is the
length of a multi-index a, and || -||; the norm of the Sobolev space H*(R").

Remark. We may restrict the range of k, @, s in bounded sets provided they
allow large enough k, s, |a|, for instance, larger than n/2 + 4.

In order to analyze the class &/ ?(T) two auxiliary function classes B,(T),
v=1,2,...,and ®(T) will be useful. B,(T) is the set of all the smooth
functions h(o, x,t), 6 =(01,...,0,) € R", x€R", 0<t < T, such that

sup (1 + |x|)/|828fdLh(o, x, 1) < C <
o,x,t

holds for any multi-indices a = (aj, ..., an), B = B1,---> B), j, k =
0,1, 2,..., with C standing for various constants. The class ®(T) consists
of all the smooth functions S(x,?), x € R*, 0 <t < T, such that, for a
real {o and a nonzero { = ({;,...,{s) € R", 88 — Lo, 0x,S—{j, 0f0xS,
j=1,...,n, k=1,2,..., belong to H®(R") = (5, H*(R") uniformly
with respect to ¢, 0 <t < T. -
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Lemma 1.2. Let h(c, x,t) € B,(T) and Sy(x,t),...,S,(x,t) € ®(T). Then
h(ASy(x,t), ..., A8, (x, 1), x, 1) e LYT).

Proof. It is enough to consider the case v = 1. The estimate (1.14) is obvious
by the chain rule of differentiation of a composite function. The estimate (1.15)
essentially reduces to the following

Lemma 1.3. Let h(o) be a smooth function of a € R such that all its derivatives
remain bounded. Let S(x) be a function x € R" such that for a nonzero
{eR, V,S-( € HS R, s > n/2. Suppose b(x) € H(R"). Then
h(AS(x))b(x) € H*(R") and

(1.16) IA(AS(x)b(x)lls < CA*, A= Ao.
Proof. Let N be the integer with s < N < s+ 1. Suppose b(x) € H¥(R").
Recall
A (AS(x =) logh )b(x)|I
|la|<N
and
(1.17) 02 (h(AS(x)b(x)) = Y capdf (h(AS(x)))B2Fb(x),
B<a

where, for || > 1,
18]

(1.18) 0F(h(AS(x))) =Y A*hM(AS(x))Ss k(x)
k=1
with
(1.19) Spou) =Y e pundf S(x)- -8 S (x).
Here the summation in (1.19) is over multi-indices g, ..., B*') such that

B+ +B¥) < B 1B 21, 1B%) > 1 and |B|+ -+ |B*)| = k.
Note A*)(1S(x)) are uniformly bounded in A, x. Thus, we only need to show
Sg.k(x)8272b(x) € HOR") for |B] > 1. We claim
(1.20) Sp 1(x) € HSTF1(R") + L=(R")
for k=1,..., |B| < N, whence

L (h(AS(x))) € H*~IBHI(R") + L>(R").
To verify (1.20), break (1.19) into three sums:

n

Spa) =3 +3 +Y",
where 3’ is the summation over ', ..., 8% all with length 1, so each term
consists of just k factors, 3" the summation over g', ..., &) with |8’| >
, |B%)| > 2, and finally 3" one with the remaining terms. To handle
', note VS(x) = {4+ VS(x) — ¢ € L*(R") by assumption. Thus, ¥’ €
L>°(R"). Now consider ¥". if 3= contains a single factored term, then its
corresponding multi-index S’ is of length k and af'S(x) € HS~%+1(R"). For

multifactored terms, k' > 2 and

08 S(x) € H-WB+IR"), ..., 88%"S(x) € H-18* 1+1(R7),
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Since (s—|B/|+ 1)+ +(s—|B*) |+ 1)=(s—k+1) = (kK'=1)(s+1) > s+1 > n/2,
these terms belong to HS~k+t!(R"). Therefore, 3" € HS~k+!1(R"). Finally, in
handling 3", we may discard the first derivatives of S(x). If in a term
there remains only one higher derivative 6f'S(x), then this term belongs to
HS-IB'1+1(R") ¢ HS—k+1(R") . Otherwise, a similar argument to analogous cases
in 3" is valid. Thus, Y. € H*~k+!(R") and (1.20) is verified. Now since
82 Bp(x) € HN-lal+IBI(R") for b(x) € HN(R"), and (s —|B|+ 1)+ (N —|o| +
|B]) > n/2 for 1 <|B| <l|a| < N, we have Sg i(x)d5 Pb(x) € HO(R") as we
wished to show. Furthermore, in view of (1.17) and (1.18),

(1.21) 1A (AS(x))b(x)lIx < CAN|b(x)l|n

for A>2y. On the other hand, if b(x)e H°(R"), it is obvious that 4 (AS(x))b(x)
€ HO(R™) and

(1.22) 1R(AS(x))b(x)llo < Cllb(xX)llo0 »

A > Ap. Now suppose s < N. Then interpolating (1.21) and (1.22) we see
(1.16).

It is clear that &/2(T) c & (T) when p > p'. It is also clear that
AT f(x,t,A) e ZPHY(T) for f(x,t,A) € &P(T). On the other hand, B,(T)
is multiplicatively closed, and if h(o, x,t) € B,(T), hy(a’, x,t) € B,(T),
then the juxtaposition h(g, o', x,t) = hi(o, x, )h(d’', x,t) € Byyu(T).
These properties will be useful in various computations of asymptotic solutions.

Now we can state our main results.

Theorem 1.4. Let L(w) be the operator in the above. Assume the first charac-
teristic field is genuinely nonlinear at w =0 and & = n, that is,

(1.23) Vuwp1(0, n)-ri(n) #0.
Suppose

(1.24) aog(g, x) € Cg°(R x R")
and

(1.25) /Rao(a,x)da=0~

Then for some Ty > 0 depending on ao(o, x) and n but independent of
A> Ay thereis U(x,t,A) € & (Ty) such that
(1.26) LU)U € #3(Ty),
(1.27) U(x,0,4) — A" ao(Ax - 1, x)ri(n) € & *(To).

Remark. (1.27) does not contain the t-variable.
U(x, t, 4) is actually the asymptotic expansion of the solution to the initial
value problem (0.1), (0.2), (0.5) when n < 3.

Theorem 1.5. Suppose n = 2 or 3. Under the same assumptions as Theorem
1.4, for some i, > Ag > 0 and for some T, > 0 independent of A > Ay, there
is a uniquely determined u(x,t,A), x € R", 0 <t < T\, A > A, such
that u(-,t,A) € HR") and du(-,t,A)/0t € H*(R") while u(-,t,2) and
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du(-, t, A)/dt are respectively H*(R")-valued and H*~'(R")-valued continuous
Sunctions of t € [0, Ty] for s < 3, and that

(1.28) L(uu =0,

(1.29) u(x,0,2)=21""ag(Ax - n, x)ri(n)

with

(1.30) lu(-, 6, A) = U, 1, )| <CA3, 0<s<3,

and

(1.31) “iu(.,z,i)—QU(-,z,x) < CoAs2, 0<s<2,
ot at S

uniformly with respect to 0 <t < Ty, A > A,. Here Cs are positive constants
independent of 4> A, .

Theorem 1.4 will be proved in §2 by an explicit construction of U(x, ¢, 4).
It will become clear that this is dictated essentially by the inviscid Burgers equa-
tion. However, we will have to stop before any shock develops, for smoothness

of U(x,t,A) seems indispensable in the proof of Theorem 1.5 carried out in
§3.

2. FORMAL ASYMPTOTIC SOLUTION
Let neR", n#0, and
(2.1) Sk(x, ) =-pe(mMt+x-n, k=1,

These S, are phase functions corresponding to plane waves and trivially belong

to the class ®(7T) for any T > 0 (see §1). Our construction of the asymptotic

solution U(x, t, 1) of Theorem 1.4 follows Choquet-Bruhat [1] or Hunter and

Keller [3]. However, the adoption of linear phases (2.1) and the assumptions

(1.24) and particularly (1.25) will allow us to touch the third order terms of the

asymptotics which are beyond the reach of general discussions due to resonance.
Now we will seek U(x, ¢, 4) in the form

(2.2) U(x,t,A) =2 ug(x, t,A) + A7 2uy(x, t, A) + A 3us(x, £, A),
where
(2‘3) ul(xat>}')=al(lSl(xst),x,t)rl(”)a

Ua(X, 1, 2) = br(ASi(x, 1), X, )re(n)

(2.4) =
+ 3 bu(ASi(x, 1), x, Ore(n),
and -
3(x, t,4) = Zm: 1(ASk(x, 1), x, t)ri(m)
(2.5) kkzl
+ » Cua(ASi(x, 1), ASk(x, 1), x, t)ri(n)

k=21

1
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with
(2.6) ay(o, x, 1), bjx(aj, x, 1), culox, x, t) € Bi(Tp)
and
(2.7) k(01,5 0k, X, t) € By(To)
for some Ty > 0.
Since we will determine a,(ay, X, ?), ..., cix(01, 0k, X, t) by substituting

(2.2) into (2.1), we have to study how the composite functions of U(x, ¢, 4)
behave. Let 4(w) be a decomposable m x m matrix and A° its constant part
and A49(w) its rapidly decreasing part (see §1). We have the Taylor expansion
about w =0:

A(w) = A(0) + A'(O)[w] + - + %A(")(O)[w, e, w)

(2.8)
+ Rk+l(A)(Oa ’l.U) ) w e R™” ’
where
) , d\!
(2.9) ADO)b, i, )= (L) Aew)|
(ds) oo

and Ry, ,(4)(0, w) is the remainder. Note A(0) = A° + A4(0), A'(0)[w] =
A% (O)[w], ..., ABO)w, ..., w] = 490 0)[w, ..., w], and Ri;1(4)(0, w)
= Ri41(49)(0, w).

Then we have the following

Lemma 2.1. Suppose U(x,t,A) is given by (2.2) with (2.3)-(2.7) assumed.
Then the matrix

R3(A4)(0, U) = A(U) — 4(0) — A'(0)[U] - 34"(0)[U, U]
has all entries belonging to s/ 3(T,). Furthermore,
A(0)[U]— A7 4 (0)[ur] — A724'(0)[u2]

and
A"(O)U, Ul —A724"(0)[u; , u1]

have all entries belonging to & 3(Ty) .
In fact, the proof reduces to the scalar case.

Lemma 2.2. Suppose Py(x,t),..., P, (x,t) € ®T) and hi(o,x,1),...,
hy(o, x,t) € B,(T) for some T > 0. Let

M
(2.10) qx,t,4)=> A h@AP(x,1),..., AP(x, 1), X, 1),
k=1

A>Ay. If f(r) € #(R), then

J
@1 flalx, 1, )= %f(j)(O)(q(x, t, Y € &IH(T)
2 j!

for J=1,2,....
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Proof. That (q(x,t, 1) e« /(T), j=1,2,...,is obvious. Let
J
1 ... .
Ri(f)a) = flg) =) =/90)g’

be the remainder. Since

1
Rra(F)0, )= 3 [ (1-0)!£9*0(6q) do '+,

the estimate corresponding to (1.14) is immediately obtained. To see the esti-
mate corresponding to (1.15), note

K
Ra(£)0.0)= 3 5770/ + Ren(£)(0, )

j=J+1
for K>J,andfor 0<s' <s, s>n/2+1,
IRk+1(£)(0, @)lly < C{llg** Ml + gl 2 N4}

where |||, stands for the norm of L?(R") and C is positive constant depend-
ing on K +1 (see Yoshikawa [11]). Then since ||gK+!||y < CAS=X=1 |iq|is <
C3** and ||q||’§;'<'+2 < CA~K-1 when 1> Ay, we have

IR741(£)O0, @lly < Cod~71, 2230,

by choosing K large enough. The t-derivatives of R;,(f)(0, q) can then be
handled readily.
Now we derive equations governing ay(oy,x,t),...,cu(ar, 0k, x, t). Let

(2.12) +ZA —+B(w)

where Aj(w) = Ao(w)~'4,(w), Bj(w) = Ao(w)~'B(w). Then since dU/dt
and 8U/0x; presumably belong to &7 %(Tp), we see from Lemma 2.1 that

E) 2~ ~ 1, B
(—9—t-U+jZ=;{A,~(O)+Aj(O)[U]+ 347U, U]} 55U
+{B(0) + B'(O)[U}U - L(U)U

should belong to &3(Ty). Therefore, in order to realize (1.26), we have to
choose u;(x, t,4), us(x,t,A), us(x, t, A) in such a way that

0 L~ 8
-1) 2 X i 1
(2.13) A {atul +J§=1:A,(O)axju1} €& (Tp),

1) o N~ 8 ~
A1 {Eul + ZAj(O)a—x;u, +B(0)u1}
(2.14) =

+ A" {—u2+ZA,(O)—u2+ZA’ [u.]iu.}e,qﬂ(ro)
1
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and
(2.15)

{ u1+ZA, u1+B(0) }
+472 {—uz + ZA,(O) uz +B(O U + ZA (0) [ul]———ul

Jj=1
+ E’(O)[ullul}

ZA' 0)[u21 5t ZA"(O[ul,ull—ul}ew(To)

d N, =L d
-3) 9 . ’ —
+A {atu3 + ,~§=1: A,(O)axj us + ,Zx: A,(O)[u.]axj Uy

with the initial condition

(2.16) u(x,0,4) =ap(Ax-n, x)ri(n)
and
(2.17) U(x,0,4)=0
By our stipulation (2.3), (2.13) is satisfied by any a,(oy, x, t) € B(To)
provided
(2.18) a\(oy, x, 0) = ag(ay, Xx).
(S;bst)itution of (2.3), (2.4) into (2.14) yields
19

al(al,x t)rn(n)+z o, 4101 X 1)4;(0)ri(n)

+a.<a,,x,t>E<0)n<n>+—§-ai(al<al,x 0 Y m A O (0 )
j=1
+3 abulor, x. 1) (—pl(n )+ A ) re(n)
k=2 ] 1
=0,

where g, is evaluated at g, = S;(x, t). Then applying Lemma 1.1, we see that

ay(oy, x,t), bip(oy, x,t), ..., bim(o1, x, t) are governed by the equations
(2.20)

0 0 ~
54101, %, 1) +2p‘” Ya—ai(o1, x, 1) +ri(n) - BOr(nai(or, x, 1)
Jj=1

1 0
+ Eprl(O, n- rl(ﬂ)ggl‘(al(ﬂl ,x, 1)} =0,

dx;
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and
O ptor, a0y = S rim - L aon x, 1
30'1 T = k ! (9Xj T
1 0
(2.21) + Er*(”) < (Vuri(0, n) - rl(ﬂ))a—(al(al , x, 1)?)
gy
1 -
+——— rt(n)- BOr(n)ay(ay, x, 1),
) = peln) () - B(O)ri(m)ay(oy )
k=2,...,m. Note
d N~ () 0 _
(2.22) {E+;P1 ('7)5?1, Si(x,t)=0.

Lemma 2.3. Suppose (1.23) holds. Let ay(o,, x) satisfy (1.24) and (1.25). Then
Jfor some Ty > 0 there is a unique a,(0,, x, t) € B|(Ty) satisfying the equation
(2.20) under the initial condition (2.18). Furthermore, a (0, X, t) is compactly
supported with respect to g\, x and

(2.23) /al(al , X, )do; =0
R
is valid.
In fact, let X(¢) = (x; +p{”(n)t, ey Xn +p§”)(n)t) and

&1(0’1 s t) = 01(0'1 y X(t), t).

Then (2.20) essentially reduces to the inviscid Burgers equation (see Lax [8]):
8 . o (1. N i 3
Eal(al , )+ Ga—(71 (Ea(al , 1) ) +Ha(o,,1)=0

with G = Vypi(0, ) - ri(n) # 0 by (1.23) and H = r{(n) - B(0)r;(n). Since
ap(oy, x) is smooth and compactly supported, we can choose 7y > 0 such
that a,(agy, x, t), uniquely solved from (2.20), (2.18) for 0 < t < Ty, does
not develop any shock. In other words, the method of characteristics works for
0<t<Tp,and a (o, x,t) is easily seen to be compactly supported in o,
and x. To verify (2.23), consider the linear differential equation satisfied by
Jgai(g, x, t) day with the vanishing initial data because of (1.25).

Corollary 2.4. Under the assumption of Lemma 2.3, there are by (0,, x,t) €
B(Ty), k=2,..., m, with compact support in o, and x.

In fact, consider (2.21). For each k, the right-hand side is compactly sup-
ported in o, and x. Furthermore, its integral with respect to g; over the
whole line vanishes because of (2.23). Hence, we have by, (o;, x, t) compactly
supported in g; and x.

Remark. Such b (g,, x, t) are uniquely determined.
Recall the initial condition (2.17). This leads to the following initial condi-
tion on by(ox, x,t), k=1,..., m. Namely, we require

(2.24) bii(o1,x,0)=0,
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(225) bkk(ak,x,0)=—blk(ak,x,O), k=2,...,m

To determine byi(ox,x,t), kK = 1,...,m, we appeal to (2.15). Let
iy(oy, x, t) = Y ), bik(or, x, t)r(n) , a known vector, compactly supported
in g; and x. Then (2.15) yields

(2.26)

m

/; {atbkk(aka X, Drg '7)+Z bkk (0%, X, 1)A;(0)re(n)

+ b (o, x t)B() re(m)

+a|(al,x,t) bkk(ak,x 1) Z'h 0)[r1(m]1re(n)
Jj=1

+ b—a"al(al’x Dbk ok, x, t Z'?;A (0)[re(n )]rl(ﬂ)}
Jj=1

b Raien, %, 0o, x, 0 O M, R

2
j=1

+Za1 (01, x, l)—al(al,x 0)A;0)[r1 (m)r1 ()

Jj=1
+§ 2oy, X, t+12:lA(0 (o1, x, 1) + B(O)ita (01, x, 1)
fao 2.0y nA Ol (D) is(o1, %,

j=1
+aial(al,x th 0)[ita(01, X, )]r1(n)
Jj=1

+ 3 (Pl + 2i(1) gg-ci(o X, On(n)

k,l=1

o
\1‘\\
=~

+2_:2_:{—p1n)+pz Mpa + (-p (n)+p/(n))367k}

<o, or, x, H)ri(n)
=0.

Now, for each k =1, ..., m, consider the coefficient of r.(n). We then let
the sum of the terms containing only g, vanish. We thus stipulate
(2. 27)

2 bu(or, x, +2p<” Mpbu(@, ¥, 0+ i) BOR(bu (o1, %,
Xj

0
+ Vup1(0, n) "1(’7)3—01(01(01 , X, )bi(ar, x, 1)) =R(oy, x, t),
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where
(2.28)

R, x, 1) = - {%rr(n)-zmi'% ), n(mln(m— (@, x, %)
j=1

42 3R AN A (@i (01, x, 07) + i ()
j=1

J

N

0 0 .
«(a (ay, x, l+ZA a—u 20y, x, 1)

+ B(0)ity(ay, x, 1)

+a(oy, x, t)zn,A' [r.(n)]—m(al,x 1)
Jj=1

+a—a-al(01,x Z)Z'b 0)[itz(oy1, x, 1)]ri(n ))}

Jj=1
For k =2,..., m, we stipulate

atbkk(ak,x t+ZP () a_“bkk(akax 1)
j=1

+ri(n) - BO)re(m)bi (0, x, 1) = 0.
Here we have employed Lemma 1.1 as we did before in deriving (2.20) and
(2.21).

Lemma 2.5. We have by (o, ,x,t)€B\(Ty), k=1,...,m. Each by (o,x,t)
is compactly supported in o, and x .

In fact, for k > 2, this is obvious from (2.29) and (2.25) since b (0%, x, 0)
is compactly supported in o; and x. On the other hand, for by(oy, X, ),
since R(o), x, t) vanishes for large ||, (2.27) and (2.24) imply by,(0y, x, t)
€ B,(Tp) with compact support in g; and x.

Let us return to (2.26). The terms involving a,(0y, x, t), by1(0y, x, t), ...,
bmm(om , X, t), and #i;(0y, x, t), which still remain in (2.26), have the form

m
> Z Cuilor, x, )ri(n) + ZZClkl(al » Ok, X, 1)ri(n)
k=1 I=1 k=2 I=1
k#l
with Cy(ox, x,t) € Bi(Ty), Cylar, or, x,t) € By(Tp). Furthermore,
Cri(0r , x, t) are compactly supported in gy, x, and Cyy(a,, o, x, t) are
so in oy, oy, x. Therefore, we can solve

Cui(Ok s X, 1) € Bi(To) and cyy(0r, o, X, t) € By(To)
from the equations

(2.29)

0
(=px(m) +P1('I))5—a-;0k1(0k, x, )+ Cylog, x,1)=0
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k,l=1,...,m, k#1,and

| @

{10+ 100052 + et + )

+ Ciloy, op, x, t

— Q
TS

}Clkl(al » Ok > X, t)
0,

k=2,....,m, I=1,
Remark. us(x,t, A) is computed only to realize
L(U)U € (s4(To)".

us(x, t, A) does not necessarily include all the terms of possible third order
terms in the expansion of U = U(x, t, ). Also compare with (1.30) and
(1.31).

Finally note

L(U)U = Ao(U)I:(U)U = (Ap(0) + A (0)[U] + ~~-)Z(U)U e Z3(Ty).
Thus, we have proved Theorem 1.4.
3. REMAINDER ESTIMATES

Now we proceed to a proof of Theorem 1.5. Let U(x, t, A) € & '(Ty) be
the asymptotic solution constructed in the previous section. Let

(3.1) F(x,t,A)=-L(U(x,t,A)U(x,t, 1)
and
(3.2) vo(x, A) =A"'ag(An - x, x)ri(n) = U(x, 0, A).

So far, we have shown F(x, t, 1) € &3(Tp) and vy(x, A) € & 3(Tp) . Thus, in
particular, for 0 < s < 3,

(3.3) sup ||F(-, ¢, A)|ls < LA3
0<t<Ty

and

(3.4) lvo(+, A)lls < MAS3

for A > Ap. Here L and M are positive constants independent of 1> Ap.
Now we wish to find an m-vector-valued function v(x, ¢, 1), which satisfies
the equation

(3.5) L(U+v)(U+v)=0,
valid in a time interval 0 <t < T, < Ty, A> 4, and
(3.6) v(x,0,24) =vo(x, ), A> AL

Here A, is large enough and 7 is independent of A > A, .
Let us rewrite the equation (3.5) in a more convenient form. Suppose w €
R™ . Let

n 1
CU, w = Z/ AU + 6w)[v] d6 g—U
(3.7) =00 i

1
+/ B'(U + 0w)[v] d6 U.
0
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Here x; stands for ¢, xo =t. Denote by Ly(w) the operator
(3.8) Ly(w)v=L(U+w)v+CU, wh,

acting on m-vector-valued functions v = v(x, ¢, 4). Then, in view of (3.1),
(3.5) turns out to be

(3.9) Ly(v)v = F.

We solve the initial value problem (3.9), (3.6) by a routine iteration method.
Namely, let w%(x, ¢, 1) =0 and generally solve w"(x, t,A), k=1,2,3,...,
from

(3.10) Ly(w*Ywk = F, wk(x, 0, ) =v(x, A).

What we have to show is that these w*(x, 0, A) satisfy appropriate a priori
estimates and that with a suitable choice of 4, and T; > 0 these wX(x, ¢, 1)
converge in certain Sobolev spaces over R? or R? uniformly with respect to
0 < t < T; while with a definite control over the order in 4.

On the other hand, because of (3.7), (3.8), (3.10) and smoothness of
U(x, t, A), note that w*(x, t, 1), which are solutions of linear hyperbolic prob-
lems, are smooth in their arguments, up to ¢ < Ty.

Lemma 3.1. Let n =2 or 3. Suppose w(x,t,A) is a smooth m-vector-valued
Sfunction defined for x e R", 0<t < Ty, A> Ay, such that

(3.11) Bw(, t, MD|s <N, s=0,1,2,3,

and

(3.12) 2| 2w n <M, s=o0.1,2,
ot ]

for 0 <t < Ty, A > Ay, N, N, being constants independent of t, . Let
v(x, t, ) be the solution of the initial value problem :

(3.13) Ly(w(x, t, A))v(x,t,A)=F(x,t,4),

(3.14) v(x, 0, A) =vo(x, A).

Then there is a positive function Ko(p,q,A) of p>0, ¢>0, A>4p,anda
positive constant Cy such that

(3.15) v(-, £, Allo < CoeKoN- M- Ai(pr2 4 [24)1/23-3
for 0<t<Ty, A>4.
Proof. We compute the L?-inner product (v, Ly(w)v). Then

%(v, Ap(U +w)v) =2(v, F) + (v, g aixj(A,(U +w))v)

—2(v, (B(U+w) + C(U, w))v).

Before estimating the right-hand side, observe that for a decomposable matrix
A(-) the Taylor expansion yields

AU +w) = A(w) + A'(w)[U] + -+ + %A(")(w)[U, ..., Ul

+ Ry (4)(w, U)

(3.16)
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for any k. Here AD(w)[U,..., U] = (d/de)A(w + eU)|e— (cf. (2.9)) and
Ry, 1(A) is the remainder. In our present situation, we have

(3.17) IRes1 (A)(w, U)lls < Ce(1 +[lw (-, ¢, A)[$)A7*

for 0 < s <3, A>4 and 4 > 4. For i = 1,...,k, the entries of
AD(w)[U, ..., U] are sums of terms of the form U,(’)w,(’) or U/ with U,(’),
U/) € o/i(Tp) and

(3.18) lw(-, t, Dlls < COUw(-, £, Ds)lw(-, ¢, A)lls,

< C(lw-, t, Alls)

N

L0 9
(3’19) “atwl ( s t,'l) Btw( ’ t,'l)

N

for A> 4y, 0<t<Ty. Here C,(’)(p) and C,(]’)(p) are positive nondecreasing
functions of p > 0. As for the first term A(w) in (3.16), the entries of the
rapidly decreasing part A4%(w)—A%(0) satisfy similar estimates to (3.18), (3.19)
(cf. [11]). Ap(U+w), ..., An(U+w), B(U +w) fall in this observation, and
C(U, w) can be handled using (3.7). Then it is not difficult to see the estimate

B

for 1 +n/2 < s < 3. Here C, is a constant, C,(p) a nondecreasing positive
function of p > 0. On the other hand, from (1.2), (3.3),

2|(v, F)| < 2(v, Ao(U + w)v) *(F, 4o(U +w)~'F)'/?

(”’ g aixj(Aj(U + w))v) -2, (B(U+w)+ C(U, w))v)

< {cl + Gl 1, D) (nw<-, Al | gt )

(v, Ag(U + w)v)

< (v, Ao(U + w)v) + %in“’.
Thus, because of (3.11) and (3.12), we have
S0 A0lU + w)v) < 2Ke(N, Ny, Do, AolU +w)o) + L2575,

where
(3.20) 2Ko(N, Ny, A) =1+ Cy + Co(N)(N + Np)A5~3.
Gronwall’s inequality together with (1.2) imply (3.15) with

Co = (max(T/y, 1/y*)"/.

Next we estimate (D)?v(x,t,4), (D)? =1—A,, where A, =02+ -+ + 0}
is the Laplacian on R”. First we derive the equation satisfied by (D)%v . Let

0

v -2

(321) Ly a(w) = Ly(w) =2 4g(U + w)V(4;(U +w))

j=1
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where Z, = Ay 4 j» Vx 1is the gradient operation, and (D)~? is a pseudodif-
ferential operator. Let

Fy(x, t, ) = Ao(U + w){D)*(Ao(U + w)~'F(x, 1, 4))
(3.22) +Z<D,-(U,w)§—)% +¥(U, w,
where
D;(U, w) = Ao(U + w)Ax(4;(U +w))

+ 240(U + w) =2 (4o(U + w)~'(B(U + w) + C(U , w)))

ax,
and

Y(U, w) = Ag(U + w)Ax(4o(U + w) Y (B(U + w) + C(U, w))).
Then by a straightforward computation, we see
(3.23) Ly »(w){D)*v = F,.

Lemma 3.2. Under the same assumptions as Lemma 3.1, there are positive func-
tions Kx(p, q,4) and Kxn(p,q), Kau(p,q), of p >0, ¢ 20, A > A, such
that

lv(-, £, A2
< Coefo N N (M2 4 (Kyo(N, Ni)M? + Ky (N, Ny)L2)t)/237!
for A>Ay, 0<t<Ty.

Proof. Computing the inner product ((D)?v, Ly »(w)(D)?v), we obtain
(3.25)

2 (DYv, Ao(U +w)(D)™v)

dt
! ! a
< {C. + Ci(lwls) (nwns + g

+2|((D)*v, B)l,

where C| is a positive constant and C;(p) a positive nondecreasing function
of p > 0. To evaluate ((D)2v, F,), we see from (3.22), (3.16), (3.17), (3.18)
that ®;(U, w) and ¥(U, w) can be written as

(3.24)

) } ((D)?v, Ao(U +w)(D)*v)

s—1

3
=S oW, w)
k=0
and

3
YU, w) =) ¥OU, w),
k=0

where, for 0<s<1,

1D, wlls < CO(lw(-, £, Hll)w(-, £, Dllass»
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while <I>(k (U, w), k>1, are finite sums of terms of the form U(k j ) with

lwPlle < CElw -, 2, Dlls)lw -, 2, Alls—iers

0<s<k,k=1,2,3, for A> 4, 0<t<Tp,and U} € #2¥(Tp). Here
Cj(-k)(p) are nondecreasing functions of p >0, k=0, 1, 2, 3. Similarly,

“lP(O)(Us w)”S < C(O)(“w(" t9 '1)”3)“1”(" ta A’)”Z-{—S ’

0<s < 1,and YO(U, w), k=1, 2, 3, are finite sums of terms of the form
U(k) w1th

lw® s < CR(lw(-, t, w2, Dlls—kr3s

0<s<k, k=1,2,3,and U,(k)eﬂ“k(To). Now we have, for n/2 -1 <
s<1,

(3.26) (lwlis)lwlizes(lol3 + Allvllil1vll2)

> (101, oy, w2t ) < f

J=1

for A > 4, 0 <t < Ty with a nondecreasing function Cy(p) of p > 0. In
fact, note

((D)zv,cp(U w)g;’):i((p)z LI, w) 81))

pre 0x;
and, for n/2-1<s<1,

2y @O v | o || 9v
(0. 00w, w22 )| < clohie?. |7

0
< TP (lwlls)lwllzeslvl3,

o ov
(@20, 9@, w2 )| < S U e [0 5|

- 1
< AT D (lwlls)wll2sllvli3

(1010, @, w+ oW, w)FL )|

< C(CP(Jwls) + A (lwls)wllzsslollallv]l:-
Similarly, we have, for n/2 -1 <s< 1,
(3.27)  |((D)?v, ¥(U, w)v)| < C5'(lwlis)|wll2ss(vl2llvlli + 2 [vll2llv]lo0)

for A>Ay, 0<t<Ty. Here C "’(p) is a nondecreasing function of p > 0.
To evaluate ((D)?v, Ao(U + w)(D)?(4o(U + w)~'F(x,t, A))), we apply
(3.16) to Ag(U + w)~! and use the following

Lemma 3.3. Let f(x, 1) € H°(R"), o > n/2. Suppose there are constants L,
L' such that

I/ Mlle < LeA™™0, 15 Aoy < L'A7°
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Jor A > Ag. Then for ue HS(R"), 0 <s < a, the product fu e H(R") and
(3.28) I fulls < LsA*®julls
holds for A > Ag.
In fact, if u € H°(R"), then fu € H°(R") and
Ifulls < ClLf ollulls < CLoATJuls.

If ue HO(R"), then fu € H(R") and

If2llo < CILS llooylltello < LA~ ullo.

Then by the interpolation, (3.28) holds.
Thus, we have

|((DY?v, Ao(U + w)(D)*(Ao(U +w)~'F(x, t, 2)))]
< K(lwls)llvll20Fll2 < A7 LK (wll3)||v]l2
< 3lvI3 + K (lwll3)*L?A~2
for 4 > 4y, 0 <t < Tp, with a nondecreasing function K(p) of p > 0.
Using the logarithmic convexity of the Sobolev scale, in particular, A2||v||? <
$A%v)3 + |lv]12), and (3.25), (3.26), (3.27), (3.15), we have

4 (DYv, Ao(U +w)(D)2) < 2Kx(N, Ny, (DY, Ao(U +w)(D)v)

dt
+ (K20(N, N\ )My + K3 (N, N;)L*)A~2
with
2K3(N, Ny, A) = Cag + Co1(N)(N + Ny)As' =3

for a constant C,p and a nondecreasing function C,(p) of p > 0. Here
s’ < 3. (3.24) is now immediate.
We still need the estimate of ||v(-, x, 4)||3. Let

2
an

Then it is easy to see that each ¥, satisfies the equation

Be(x, t, A) = (DV2v(x,t,4), k=1,...,n

(3.29) Ly 2(w)by = Fy,
where
~ 0 0 )
Fe(x,t,A) = 2—F(x,1,4) — 5—(B(U +w) + C(U, w)){D)“v
8xk Bxk
(3.30) " 5 P
+2 ; g, Ao(U + W)V (A;(U +w))) V"?a?,” ,
k =1,...,n. Now from these, we estimate the inner products (7, Fk) ,

using (3.22) and related estimates by an analogous argument as in the proof of
Lemma 3.2. We then obtain the following
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Lemma 3.4. Under the same assumptions as Lemma 3.1, there are positive func-
tions K3(p,q,A), Kso(p,q), Ksi(p,q) of p > 0, ¢ > 0 and a constant
Cy > 0 such that

(3.31)

[v(-, x, D3 < CreFoW- MDY 4 (K3g(N, Nj)M? + K3 (N, Ny)LH)1)'/2
for 0<t< Ty and A > Ay. Here K3(p, q, A) is given in the form
(3.32) 2K3(p, ¢, 4) = Cso+ Cai(p)(p + @)
with a constant Csgy, a nondecreasing function Cs1(p) of p >0, and s" < 3.

Equations (3.31), (3.24), and (3.15) together with an interpolation argument
lead to the following summary, by redefining constants and functions (in case
of necessity).

Corollary 3.5. Under the assumptions of Lemma 3.1, there are constants Cy, C,
and functions C,(p), Ko(p, q), K1(p, q) such that

v (-, x, Alls
< CoeKWN-NuD(M? 4 (Ko(N, Nj)M? + K (N, Ni)L2)t)/235-3
for A> 4y, 0<t<Ty. Here
(3.34) 2K(N, Ni, 1) =Ci+ C(N)(N+ N)A™?, p>0.
Using (3.13), we also have the following

(3.33)

Corollary 3.6. There is a nondecreasing function Kz(p) of p > 0 independent
of A> Ay, 0<t < Ty, such that

< Ks(llw(, £, Dlls)llv(-, 2, Dlls+r

N

0
(3.35) Ha'v(- st A)

when 0 <s<2.
Now choose N and N; large enough, for instance,
N = 2CoMe*Ci 7o N, = K3(N)N.
Subsequently choose 7, so small and 4; so large that
(Ko(N, N)M? + Ky(N, N)L*) T < 3M?,

and
C(N)(N + N)AT? < .

Then together with (3.33), (3.34), and (3.35) we see that

(3.36) ||v(~,t,l)||5§N,15‘3, s=0,1,2,3,

and

(3.37) H%v(-,t,l) < NjAs2, s=0,1,2,
N

for 0 <t < T; and A > ;. In other words, if we denote by (N, Ny, Ty, 41)
the set of smooth m-vector-valued functions w(x, ¢, 4) such that (3.11) and
(3.12) hold for 0 <t < T} and A > Ag, then the solution v(x, ¢, 4) of (3.13),
(3.14) belongsto Z(N, Ny, Ty, A1) provided w(x, t,A) e Z(N, N1, Th, A41).
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In particular, all the w*(x,t, ), k = 1,2, ..., defined successively from
(3.10), belong to (N, Ny, Ty, 4y).
It is now convenient to introduce the norms

(3.38) Jwls,s=  sup  Aflw(-, 1, Als,

0<t<T\ ,A>4;
0<s<3,and

(3.39) lwlls,2=  sup  A*S|w(-, 1, A,
0<I<Ty,A>4

0 <s <2, for m-vector-valued functions w(x, ¢, A).

Lemma 3.7. Suppose v°(x,t, ), vi(x,t, 1), v¥(x,t,A) e ZN, Ny, T, A)
are related by

(3.40) Ly(v°w' =F, V=0 = Vo,
(3.41) Ly(vYw?=F, v2|,=0 = Vo.

Then there is a constant C depending on N, N| such that
(3.42) o' —v?fo,3 < C7H(eT = )20 —v']lo,5
holds.

In fact, let V! = v! —v2 and V° = v —v'. From (3.40), (3.41) we
immediately get
Ly(v)V!'=DWU,v°, v', 8v?2) V0,

where
! av?
DU, v°, v, 8v?)V0 = -Z/ AU+ (1= 0)v! +6v0)[V°] do —.
‘0o ! 9x;
By the routine energy estimates, we have
D1, 4gU+ 0OV <Y, 46U +00V) +71VO)R,

where C = C(N, Ny) and y that of (1.2). Then (3.42) follows immediately.
Redefine T; > 0 if necessary and suppose

(3.43) d=C (e -2 <1,
Then these w*(x, ¢, 1) converge in the norm || - Jlo,3. In particular,
Jlwk —w o5 <% 'N,  k=1,2,....
Let 0<s<3.Thenfor p,g=1,2,..., p>q,
lw? (-, ¢, 4) —wi=' (-, ¢, Dlis

p
<YMk, 2, ) = w1, A
k=q

p
< STk, 1, 8) = wk e 1, DT lwE G 1, 2) =k e A1
k=q

p
< (2N)5/3/1S—3Nl's/3 2(51—3/3)k—1.
k=q
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Therefore, w*(-,t, A) converge in the norm || - ;3. Then using equation
(3.13), we see that d,w*(x, ¢, A) converge in the norm || - |lo.2, whence they
also converge in the norm |- [l;,2, 0<s<2.

On the other hand, wX(x, ¢, A) and dw*(x, t, A)/dt are uniformly bounded
in H3(R"), and H?(R"), respectively, with respect to A >4; and 0<t< Ty.
It follows that wX(x, ¢, A) and dwk(x, t, 1)/t themselves weakly converge
in H3(R") and in H?(R"), respectively, to some v(x, t, ) and v'(x, t, A).
Furthermore, v(x, t, A) and v'(x, t, A) are then uniform limits with respect
to t, A of wk(x, t, 4) and dw*(x, t, 1)/8t in H*(R") and H*~'(R"), s < 3,
respectively. Thus v’ = v /8t. The existence part of Theorem 1.5 is proved
by putting u = U +v.

The uniqueness part is a consequence of the following

Lemma 3.8. Let the operator L(w) satisfy the hypotheses stated in §1. Let
ul(x,t) and u*(x,t) be two m-vector-valued functions defined for x € R",
0 <t <T. Suppose u'(x,t) and u*(x,t) are H'(R")-valued continuous
functions of t, 0 <t < T, and du'(x, t)/0t and du*(x, t)/0t are H(R")-
valued continuous functions of t, 0 <t < T. If ul(x,t) and u*(x,t) satisfy
the equations

L u'=0, Lu>u*=0

with the same initial data at t =0, and if u'(x, t), u*(x, t) together with all
their first derivatives are uniformly bounded for x e R*, 0<t < T, then

u(x, t) = ul(x, ).

In fact, derive the equation satisfied by u! — u?, and then apply the routine
energy estimate.
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